Neutral atom array serves as an ideal platform to study the quantum logic gates, where intense efforts have been devoted to enhance the two-qubit gate fidelity. We report our recent findings in constructing theoretically a different type of two-qubit controlled-PHASE quantum gate with neutral atoms enabled by Rydberg blockade, which behaves like the hybrid version of the π-gap-π gate and Rydberg dressing gate. Its principle relies upon smooth modulated pulse with specially tailored waveform to gain appropriate phase accumulations for quantum gates while suppressing population leakage error and rotation error. The major features include finishing gate operation within a single pulse, not necessarily requiring individual site addressing, and not sensitive to the exact value of blockade shift. Therefore, we anticipate its fidelity to be reasonably high under realistic considerations for intrinsic errors. Moreover, we hope that such type of protocol may inspire future improvements in quantum gates for other categories of qubit platforms, and that its core ingredients may be helpful in the field of quantum optimal control.
I. INTRODUCTION
Efficient, robust and high-fidelity two-qubit controlled-PHASE gate has become one of the central topics in the research frontier of quantum information with neutral atoms, which is not only important for quantum logic processing [1] [2] [3] , but also crucial for quantum simulation [4] and quantum metrology [5, 6] . Rydberg blockade [7] [8] [9] emerges as one essential tool for this purpose, where the rapid progress in related studies over the past two decades, both theoretical and experimental, has already found many key advances in quantum information science and technology with neutral atoms [2, 3, [10] [11] [12] [13] [14] [15] [16] [17] [18] . One prominent feature of neutral atoms is that they behave as not only good candidates for qubit registers, but also good choices for quantum interface with light, where Rydberg blockade is also deemed as helpful [14, [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] .
So far, many mechanisms of building two-qubit controlled-PHASE gate via Rydberg blockade have been discussed extensively, ever since the gate protocol proposed in the seminal paper of Ref. [29] . For the feasible gate protocols readily compatible with the current atomic physics experimental platforms, when associated with strong blockade shift, it seems to us that they can be approximately divided into four categories.
Category I. Rydberg blockade gate with typical pulse sequence of the so-called π-gap-π, which was introduced as the first example of Rydberg blockade effect's applications in quantum computing [29] . It attracts persistent * email: sunyuan17@nudt.edu.cn theoretical interests and serves as the current mainstream blue print for serious experimental advances. Although it requires individual site addressing, recent progress has suggested that the gate operation can be performed on the order of ∼ 100 ns [30] [31] [32] [33] .
Category II. Rydberg dressing, whose blueprint was first conceived in the context of quantum gases [34] . The blockade effect can also be explored via Rydberg dressing of the ground state atoms [35, 36] , which can in turn yield a two-qubit controlled-PHASE gate protocol [37, 38] . Besides its role in the universal quantum computing, Rydberg dressing is suitable for implementing adiabatic quantum computation such as quantum annealing [39] , and finds important applications in constructing multiqubit quantum simulator [4, 40] . Meanwhile, essential features of Rydberg dressing serve as an important tool in studying interesting physics of Rydberg anti-blockade phenomena, particularly in atomic ensembles.
Category III. Rydberg anti-blockade gate [41, 42] . Such gate protocols usually requires the exact knowledge of the blockade shift [43] , and are practically more sensitive to fluctuations of the relative motion between two atoms.
Category IV. Protocols with simplified pulse sequence but more theoretical compromises, whose fidelity is less than ideal but relatively straightforward to experimentally demonstrate. For example, recently Ref. [44] discussed such a gate protocol with a single square pulse driving ground-Rydberg transition, whose major challenge is that its highest theoretical fidelity limit seems shy for scalable purpose or fault-tolerant quantum computing.
Over the years, intense efforts have been devoted to analyzing theoretically and numerically the performance of Rydberg blockade gate [8, 32, 33, 45, 46] , where both the protocol's inherent physical limitations and technical imperfections have been taken into consideration. Very often, techniques of adiabatic passage [47, 48] , including STIRAP [49, 50] , are employed together with the π-gap-π [33] and Rydberg dressing [37] gate protocols. Tuning the Förster resonance with dc electric fields [51] or microwave have been also anticipated to facilitate gate performance. Nevertheless, experimental fidelities from those two-qubit gate mechanisms seem relatively less optimistic at this moment, despite the overall rapid progress in this field. Therefore, there exists constant push for further explorations in gate protocols following potentially different recipes.
In this article, we report our recent progress in theoretically devising and analyzing a Rydberg blockade type of two-qubit controlled-PHASE gate protocol for neutral atoms via Rydberg blockade, whose working principles rely upon atom-light interaction with a single off-resonant modulated laser pulse driving the groundRydberg transition. The modulation of the pulse waveform is engineered such that within the required fidelity, both the control and target atoms will return to original state whether the blockade takes place or not, while gaining the correct phases as required by the two-qubit gate. Approximately speaking, this type of protocol combines the advantages of the π-gap-π gate and Rydberg dressing gates in a hybrid form, while avoiding the π-gap-π gate's annoying factor of keeping steady population on Rydberg state of control atom during gate operation. Part of the aim is that we hope to translate high-quality ground-Rydberg coherence directly into high-fidelity phase gate.
We anticipate that this protocol is conveniently compatible with the nowadays mainstream experimental platforms [2, 3] . Several major characteristics are worth mentioning here. It may work without individual addressing on the qubit atoms. No microwave is required to drive the Rydberg-Rydberg transitions and henceforth it saves trouble of the complicated microwave electronic equipment and antennas. It does not require the exact knowledge of the magnitude of the Rydberg blockade shift. Its working condition does not involve far off-resonance detuning as that of Rydberg dressing and therefore the gate may be designed to fast operation below 1 µs with respect to realistic experimental apparatus parameters.
The rest of the article is organized as follows. First we present the basic principles of this two-qubit gate protocol. Then we provide the in-depth performance analysis, including the effect of spontaneous emission, for two different types of modulation. Finally we conclude the article. Some technical details and more explanations for delicate issues are postponed to the supplemental material [52] .
FIG. 1. Schematic of atomic structure for the Rydberg phase gate under investigation. On the left: the relevant atomic states including the Rydberg blockade between |r and |r , where the lasers are driving |0 ↔ |r on control atom and |0 ↔ |r on target atom; on the right: under ideal blockade situation, the linkage pattern for states participating the ground-Rydberg transitions |01 , |10 and |00 . See MorrisShore transform at Ref. [53] for a better explanation of comprehending linkage structures. State |11 does not participate the prescribed interactions and stays unchanged through the process. Rydberg states |r and |r may be the same or different, depending on the choice of Förster resonance structure. For experimental implementations, typically a bias magnetic field along z will split the Zeeman degeneracy, whose amplitude is assumed to be around a few Gauss to a few tens of Gauss. The Rydberg states |r , |r , |p , |p will suffer from spontaneous emissions, which is not shown in the diagram.
II. BASIC MECHANISMS
We first sketch over the basic ingredients, where relevant atomic states of the atom-light interaction are shown in Fig. 1 . The qubit basis states of the atoms may be represented by a pair of long-lived hyperfine ground clock states for typical alkali atoms, which can be manipulated by external microwave field or optical stimulated Raman transition [2, 9, 54] . Modulated laser pulses will be applied to drive the ground-Rydberg transitions of the control and target atoms. The consequences of the required operation can be abstracted into two aspects: the boomerang condition that the population returns with unity probability and the antithesis condition that the accumulated phases achieve controlled-Z (C-Z) gate result. When combined with a local Hadamard gate on the target qubit atom (π/2 rotation for transition |0 ↔ |1 ) before and after the controller-PHASE gate, this leads to the universal controlled-NOT gate [8, 9, 29] . If |r , |r are the same state, then individual atom addressing may not be mandatory and the experiment can be operated through one single laser. For the sake of simplicity in derivations, throughout this article the condition of symmetric driving will be presumed, namely both the con-trol and target atoms will see the same Rabi frequency and detuning in their effective ground-Rydberg transition couplings.
Assuming the presence of ideal Rydberg blockade such that double Rydberg excitation |rr is impossible. There are three types of couplings: |10 ↔ |1r , |01 ↔ |r1 with Rabi frequency Ω s and |00 ↔ (|r0 + |0r )/ √ 2 with Rabi frequency √ 2Ω s , as can be seen in the linkage structure of Fig. 1 . Let (C 0 , C r ) denote the wave function for the ground-Rydberg transition of |10 or |01 , and let (X 0 , X r ) denote the wave function for the groundRydberg transition of |00 . With these preparations, the problem may be described in the form of a set of equations as:
where the goal is to find appropriate and feasible Ω s , ∆ to let those relations hold rigidly. It turns out, such solutions may be acquired, where practically the errand is to find them out and examine their properties. Briefly speaking, our tactics touches upon careful refining efforts for modulations from heuristic approaches. More specifically, first we design waveforms under assumption of perfect adiabatic time evolution process in Eq. (1), and then perform optimizations to suppress the non-adibatcity effects [52] , where numerical tools serves an essential role in this process. On the other hand, we believe that the accessible solutions aren't unique and a full characterization remains an open problem.
Except for technical noises, two main types of intrinsic errors exist for our gate protocol: the population leakage error due to spontaneous emission of Rydberg levels during interaction, and the rotation error due to the less than ideal Rydberg blockade with double Rydberg excitation. With properly tailored smooth pulses, the mechanism of adiabatically tracking two-atom dark state [33] gets implicitly triggered under the presence of dipoledipole exchange interaction |rr ↔ |pp [52] . Therefore, the rotation error will be suppressed, making the spontaneous emission as the major source of generic error in theory.
III. WITH BOTH AMPLITUDE AND PHASE MODULATIONS
For |01 and |10 , the dynamics amounts to nothing more than a two-level system made from groundRydberg transition with time-dependent Rabi frequency Ω s (t) and detuning ∆(t). On the other hand, for |00 , its dynamics actually probes the Rydberg dipole-dipole interaction, whose linkage pattern may be summarized Table. I, while B = 2π × 500 MHz, δp = 2π × −3 MHz. The first graph shows the waveform, the second graph shows the population on different atomic states, while the last graph shows the phase accumulation of the atomic wave function during the process. The purpose is C-Z gate, and the fidelity of this example is 0.99997. Spontaneous emissions of Rydberg levels and technical noises are not considered here.
as |00 ↔ (|r0 + |0r )/ √ 2 ↔ |rr ↔ |pp . In order to quantitatively describe the Föster resonance structure of |rr ↔ |pp , we assume that the coupling strength is B and the small Förster energy penalty term is δ p for |pp . Define the state |R = (|r0 + |0r )/ √ 2, the interaction Hamiltonian for this multi-state system is then
2 Ω s |rr R| + B|pp rr + H.c. + ∆|R R| + 2∆|rr rr | + δ p |pp pp |, (2) where we have entered rotating wave approximation.
To evaluate fidelity, we first calculate the outcome wave functions from numerically integrating the ODEs. Then, with respect to the four basis two-qubit states |00 , |01 , |10 , |11 , we acquire the 4 by 4 transform matrix U representing the functioning of our gate operation. Then the fidelity may be calculated as F = Here, we make the designing goal a little more strict than necessary, such that the population returns with a phase change of 0 for |01 and |10 , while the population returns with a phase change of π for |00 after interaction. After some refining work on time-dependent adiabatic states [52] , we arrive at waveforms described in the following format:
where after optimizations with the respect to the parameters, we have identified a set of values as in Table I . Table. II, while B = 2π × 500 MHz, δp = 2π × −3 MHz. The first graph shows the waveform, the second graph shows the population on different atomic states, while the last graph shows the phase accumulation of the atomic wave function during the process. After local phase rotations, its in-fidelity E as C-Z gate is way below 1 × 10 −5 , defined as E = 1 − F . Spontaneous emissions of Rydberg levels and technical noises are not considered here.
To demonstrate the actual dynamics, we present the numerical simulation results in Fig. 2 , taking the Hamiltonian of Eq. (2) into account. The modulation does not involve unreasonable high frequency components, and the atomic wave function does not go through 'sudden' change during the course of gate operation. Note that we have intentionally chosen a symmetric waveform, which makes the visualization better but is not necessary.
Furthermore, with respect to the two types of intrinsic errors, we estimate the influences of spontaneous emission and double Rydberg excitation, particularly for the dynamics associated with input state |00 . The numerical evaluation result is shown in Fig. 3 , which resorts to quantum jump approach [55, 56] , also known MonteCarlo wave function (MCWF). The decay rate of |r , |r and |p and |p are taken as γ r , γ p respectively. More-over, to emulate technical noises such as random fluctuations on the amplitude, we set the Rabi frequency as Ω s (t) + W · Ω n , where W takes random values in each MCWF trajectory uniformly distributed between 0 and 1. A clear signature is that the population in the doubly excited Rydberg state almost all adiabatically returns, thanks to the adiabatic dark state driving mechanism. For ease of realistic implementations, it is preferred that we only need amplitude modulation, while the pulse starts and ends at zero intensity. We have studied this case and find out that such objective is attainable. Among several candidates, we are particularly interested in the ones of relatively less complexities, such as:
where we purse a symmetric waveform again. Next, we seek a set of values leading to appropriate phase gate performance. In terms of the phase accumulation for the four basis states, the constraint is:
where φ 01 + φ 10 − φ 00 = ±π if φ 11 = 0. After optimization efforts we have reached satisfying results, where a sample set of values is shown in Table  II . The corresponding numerical simulation is shown in Fig. 4 . It possesses some similarity to Rydberg dressing, where the singly-excited Rydberg state |R is not heavily populated during the interaction process. The signature of quantum Rabi oscillation seems of less amplitude compared to the case of Fig. 2 . From this point of view, the underlying physics mechanism is slightly different between the approach in Section III and this section. Nevertheless, both approaches serve well the purpose of two-qubit phase gate.
We observe that the mechanism of adibatically tracking the two-atom dark state also plays an essential role here, as can be seen in Fig. 5 . The amplitude modulation does not only introduce the correct change in wave function for a phase gate with respect to Eq. (1) and Eq. (5), but also helps to suppress the rotational error. In other words, major limitations on the attainable fidelity are anticipated to mostly come from spontaneous emissions, modulation imperfections and technical noises.
V. CONCLUSION AND OUTLOOK
When considering the off-resonant driving for the ground-Rydberg transition, we've concentrated on the few states that are directly involved in the mechanism. Realistically, the situation is more complicated due to the atom's many other levels, which may introduce various sources of extra ac Stark shifts and decoherences [32, 45] .
Recent efforts and advances to enhance the fidelity of atom-atom controlled-PHASE gate, including the techniques of utilizing two-atom dark state [33] and smooth driving pulse waveform [32] , are also vital and anticipated to offer further improvements to our gate protocol. We are also looking forward to a few other future refinements, including the search for a faster gate operation, further suppression of population leakage, and more user-friendly parameter setting. Stronger robustness against environmental noises in realistic experimental implementations is worth pursuing, where we wish to look for waveforms that are more resilient to technical noises such as amplitude fluctuations. Error correction [57] for our gate protocol is also part of the long term goal.
For applications with readily available hardware in immediate future, we expect that 99% fidelity may be obtained for two-qubit gate in 1D, 2D or 3D atomic arrays with a gate time less than 1 µs. The hope is that with experimental platform capable of reaching >99% fidelity, the neutral atom's characteristic advantage of scalability will be clearly manifested. In the long run, we hope that the predicted theoretical limit can be reached such that this gate protocol can facilitate the practical quantum information processing capabilities of neutral atom qubits, which we think will take a lot of patience and hard work to tackle all the known or unknown obstacles. Our faith with the Rydberg blockade gate is that high-fidelity ground-Rydberg Rabi oscillation shall be directly translated into high-fidelity controlled-PHASE gate. We also anticipate that our work will help the endeavors for the ensemble qubit approach [20, 58] and the Rydberg-mediated atom-photon controlled-PHASE gate [23, 24, 26, 28] . 
